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Abstract
We study form factors in the light-cone gauge world-sheet theory for strings in
AdS5×S5. We perturbatively calculate the two-particle form factor in a closed su(2)
sector to one-loop in the near-plane-wave limit and to two-loops in the Maldacena-
Swanson limit. We also perturbatively solve the functional equation which follows
from the form factor axioms for the world-sheet theory and show that the “minimal”
solution correctly reproduces the discontinuities of the perturbative calculations.
Finally we propose a prescription, valid for polynomial orders of the inverse world-
sheet length, for extracting the finite-volume world-sheet matrix element from the
form factors and show that the two-excitation matrix element matches with the
thermodynamic limit of the spin-chain description of certain tree-level N = 4 SYM
structure constants.
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1 Introduction
Form factors serve as basic building blocks of observables in any quantum field theory and have
played a particularly important role in the study of integrable models (see e.g. [1]). Recently
they have been studied for the world-sheet theory of strings in AdS5 × S5 [2]. Abstractly, they
are matrix elements of local operators in the basis of asymptotic scattering states. As such
they are both mathematically and conceptually very similar to the world-sheet S-matrix, and
in particular, like the S-matrix, they are not directly related to their target-space counterparts.
World-sheet form factors can rather be identified with matrix elements in the spin-chain model
that is employed in the description of the dual gauge theory in the planar limit 1. This identifi-
cation works in a similar way to that of the world-sheet and spin-chain S-matrix [4].
Nevertheless, in principle world-sheet form factors can be used to construct target-space
objects, which are then related to gauge theory quantities. In general, world-sheet form factors
yield world-sheet correlation functions by expanding the latter as sums of products of the former.
Then, world-sheet correlation functions of string vertex operators are nothing but gauge theory
correlations functions of the dual operators. Expressing the gauge theory correlators in the
language of spin-chains, as was done for tree-level three-point correlators soon after the discovery
1This is by now an extensively studied subject that is reviewed in [3] and where suitable references to the
original literature can be found.
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of integrability of planar super Yang-Mills theory [5–7], an even more direct link between world-
sheet form factors and gauge theory quantities can be established. As was considered in [2],
and as we will discuss in more detail in Sec. 4, world-sheet form factors can be matched to the
matrix elements of spin-chain operators in the strict thermodynamic limit and, by including
finite-volume effects for the form factors, also at subleading orders.
For large string tension, world-sheet form factors can be directly computed in the string
sigma-model using perturbation theory. However, since the world-sheet theory is a two-dimen-
sional, integrable quantum field theory more efficient methods for determining form factors,
which often lead to exact results, are known, see e.g. [1]. As part of the bootstrap program,
the analytical properties of form factors are derived from general field theory considerations
and then formulated as “form factor axioms” [8, 9, 1]. The idea is to construct functions that
satisfy these axioms with the only direct reference to the underlying model being through the
S-matrix and the spectrum of bound states. Perturbative calculations are then only necessary to
fix the normalization or possibly to aid in identifying a given solution with a specific form factor.
In [2], we investigated how the form factor axioms that are known for Lorentz-invariant models
generalize to the non-relativistic world-sheet theory. We also checked the proposed properties
against explicit world-sheet and spin-chain calculations and considered the weak-strong coupling
interpolation for specific examples.
In this paper, we extend these considerations for the particular case of the two-particle form
factor. In particular, we calculate explicitly the two-particle form factor
f(p1, p2) = 〈0|O(0)|Y (p1)Y (p2)〉 (1)
for the quadratic operator
O(x) = 1
2
:Y (x)2 : (2)
in a closed su(2) subsector of the string world-sheet theory. We do this to one-loop order
for the full theory in the near-plane-wave limit [10] and to two-loop order in the truncated
Maldacena-Swanson or near-flat theory [11]. These explicit results provide useful data regarding
the structure of the form factors and provide further checks of the world-sheet axioms proposed
in [2].
While finding solutions of the axioms is a promising method for finding exact, all-order in
λ, form factors, due to the complicated nature of the world-sheet S-matrix, particularly the
dressing phase [12], the answers may be involved and it is useful to start with simple limits.
In this work we solve the proposed axioms perturbatively for the two-particle form factor of
fundamental fields in the closed su(2) subsector and compare these results with our explicit
perturbative calculations. While we focus on the two-particle form factor, which is the simplest
non-trivial case, in many regards this acts a fundamental building block for higher point cases.
In general, the full two-particle form factor is a product of three components: the normal-
ization, a factor providing the appropriate bound state poles, and a “minimal” solution. The
minimal solution is a solution to Watson’s equations—i.e. to the periodicity and the permutation
axioms for the case of two external particles—without poles in the physical region. It is part of
all form factors but generically is not by itself the form factor for any operator. A formal expres-
sion for the solution of Watson’s equations is as an infinite product of two-particle S-matrices
with shifted relative rapidity. One way of making this formal expression precise is to write the
S-matrix in a suitable integral representation and then to carry out the infinite product, for
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example this is known to yield the correct results for breathers in sine-Gordon theory. In this
paper, we apply this formula to the world-sheet theory. However, as we do not have an appro-
priate integral expression for the exact world-sheet S-matrix, we need to work perturbatively.
Thus, we consider the near-plane-wave theory to first order and the near-flat-space theory to
second order, where the corresponding S-matrices of [13] and [11] (see [14] for a perturbative
calculation), respectively, are simple enough to be re-written in an appropriate form.
We can also see how this minimal solution is contained in actual form factors. We find
that the minimal solution correctly captures the terms in the form factor that have non-rational
dependence on the particle momenta. This is fully in line with expectations, as the form factor
axioms precisely describe the discontinuities of the form factors under analytic continuation. The
rational terms will be provided by an independent factor that multiplies the minimal solution.
This additional factor should be fixed, or at least constrained, by imposing conditions on the
poles that occur when the momenta are such that the external particles can form bound states
or that internal particles go on-shell.
In the thermodynamic limit, corresponding to infinite charges and infinite world-sheet vol-
ume, a direct comparison can be made between the results of the near-plane-wave string theory
and the spin-chain calculations describing the tree-level structure constants. This match at low
orders in the gauge theory perturbative expansion is well known for the spectrum of anomalous
dimensions and it is expected that it will fail at sufficiently high loop-order. Nonetheless it is
useful to pursue this serendipitous matching for the insight it provides into using world-sheet
form factors to calculate gauge theory structure constants. A key step in going beyond the
strict thermodynamic limit is to consider form factors in finite volume: here we propose that
by considering external momenta that satisfy the string Bethe ansatz equations and including a
density of states factor that one captures all polynomial corrections in the world-sheet length,
Ls. Furthermore, we show that the world-sheet 1/
√
λ corrections reproduce the finite spin-chain
length, Lc, corrections, at least where reliable comparison can be made.
2 Perturbative World-Sheet Theory Computations
In this section, we present the perturbative computations of the two-particle form factor (1) in
the world-sheet theory for strings in AdS5 × S5. The field
Y =
1√
2
(Y1 + iY2) (3)
is a complex combination of two scalar fields on S5. Firstly, we compute the form factor in the
near-BMN or near-plane-wave limit of the world-sheet theory to one-loop order in the world-
sheet coupling constant λ−1/2. This calculation is in many regards similar to the perturbative
calculation of the world-sheet S-matrix [15] from which many notations and details will be taken.
Secondly, we will extend the one-loop computation of [2] of this form-factor in the near-flat-space
limit to two loops. The relevant Feynman diagrams are given in Fig. 1.
2.1 Near-Plane-Wave World-Sheet Theory
For the perturbative calculation, we start from the light-cone gauge-fixed Lagrangian for the
complex scalar Y and its conjugate Y¯ to quartic order in the fields. The quadratic part is simply
that of a massive relativistic particle
L2 = ∂Y ∂Y¯ − Y Y¯ . (4)
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Figure 1: Feynman diagrams for two-particle form factors.
The quartic terms depend explicitly on the gauge choice and in general a-gauge [16] they are
given by
L4 = 2Y Y´ Y¯ ´¯Y + 1− 2a
2
(
(∂Y )2(∂Y¯ )2 − Y 2Y¯ 2
)
. (5)
The Lagrangian is normalized such that the action is given by
S =
√
λ
2pi
∫
d2σ L where L = L2 + L4 + . . . , (6)
and in the calculation of world-sheet form factors we are considering the decompactified theory
defined on the infinite plane such that there are well defined asymptotic scattering states. For
such asymptotic particle states, it is useful to introduce the usual rapidity parameters
i = cosh θi and pi = sinh θi (7)
and the combinations θ = θ2 − θ1 and θ˜ = θ2 + θ1. In a Lorentz invariant theory only the first
of these would appear in the S-matrix or the form factors but for the world-sheet theory both
are necessary.
At tree-level, the form factor is given by the product of the bare wave-functions, Z() =
1/
√
2, of the external states, i.e.
f (0)(p1, p2) =
1
2
√
12
, (8)
which explains the choice of normalization in (2). At one-loop order, the form factor is given by
the following bubble integral with non-trivial numerator factors
f (1)(p1, p2) = 2
ipi√
λ
1
2
√
12
∫
d2k
(2pi)2
(p1 + p2)
2 + (1− 2a)[p1 · p2 k · (p1 + p2 − k)− 1][
k2 − 1][(p1 + p2 − k)2 − 1] . (9)
The integral over the term containing k2 in the numerator is divergent in two dimensions. In the
a = 1/2 gauge, this term vanishes and the result is finite. However, we expect to obtain a (off-
shell) match with the thermodynamic limit of the spin-chain only for a = 1 as seen previously
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in [2], though in that case at tree-level. Thus, we regularize the integral by going to d = 2− 2ε
dimensions. We find
f (1)(p1, p2) = 2
ipi√
λ
1
2
√
12
[
(p1 + p2)
2B(p1, p2) + (1− 2a)
(
p1 · p2X(p1, p2)−B(p1, p2)
)]
(10)
where X(p1, p2) is most easily expressed in terms of the relative rapidity as
X(p1, p2) =
i
4pi
[
1
ε
+ ln 4pi − γE − (θ − ipi sign θ) coth θ +O(ε)
]
. (11)
Note that sign θ ensures that X(p1, p2) is symmetric under the exchange of the momenta. In
this notation, the bubble integral is
B(p1, p2) = − i
4pi
(θ − ipi sign θ) csch θ . (12)
The function X contains a divergence in d = 2 which can be removed by renormalizing the
composite operator. We choose a MS-scheme (reviewed in App. A) which effectively boils down
to dropping the “1/ε + const.” terms. Labelling the renormalized result f
(1)
ren, assuming θ > 0,
and simplifying we find
f (1)ren(θ1, θ2) =
1√
λ
1
2
√
12
(θ − ipi)
[
coth
θ
2
sinh2
θ˜
2
+
1− 2a
2
sinh θ
]
. (13)
As we will see, to compare this result to the perturbative solution of Watson’s equation,
(69), we will need to set a = 1/2. This is simply due to the technical fact that when solving the
functional equations, we need to write the S-matrix as an integral expression and found such an
expression only for a = 1/2. In this gauge, the form factor to one-loop order is
f(θ1, θ2) =
1
2
√
12
[
1 +
1√
λ
(θ − ipi) coth θ
2
sinh2
θ˜
2
]
. (14)
While this calculation is one-loop, it is not sensitive to any of the fields outside the su(2)
sector. This makes the calculation particularly straightforward, however, it does not provide a
particularly stringent test of the form factor axioms for the world-sheet theory. Perturbative
calculations at two-loops would generically involve all the additional bosonic fields, including
those from the AdS space, and the fermions. To date, there has not been a full one-loop
perturbative calculation of the world-sheet S-matrix (which would be analogous to the two-loop
form factor) except in the near-flat limit [11] which, at least to the orders checked [17,14,18], is
a consistent truncation of the full theory.
2.2 Near-Flat World-Sheet Theory
The world-sheet Lagrangian in the near-flat limit can be written as [17,14]
L = 12(∂~Y )2 − 12 ~Y 2 + 12(∂ ~Z)2 − 12 ~Z2 + i2ψ ∂
2+1
∂− ψ
+ γ (~Y 2 − ~Z2)((∂−~Y )2 + (∂− ~Z)2)+ iγ (~Y 2 − ~Z2)ψ∂−ψ
+ iγ ψ
(
∂−Yi′Γi′ + ∂−ZiΓi
)(
Yj′Γj′ − ZjΓj
)
ψ
− γ24
(
ψΓi′j′ψ ψΓi′j′ψ − ψΓijψ ψΓijψ
)
, (15)
where ~Y and ~Z are the 4 + 4 bosonic fields transverse to the light-cone in S5 and AdS5, respec-
tively. The eight fermionic degrees of freedom are comprised in an SO(8) Majorana-Weyl spinor
6
ψ. The prefactor
√
λ/(2pi) that was present in (6) has been removed by a rescaling of the fields
and is now present as γ = pi/
√
λ in front of the interaction terms.
We quantize the theory with σ+ = τ + σ considered as world-sheet time. Correspondingly,
p+ =
1
2( + p) should be interpreted as the energy of the particle and p− =
1
2( − p) as its
momentum. For convenience, we introduce the shorthand notation
ξ ≡ p+ and η ≡ p− . (16)
For further details on the derivation and the quantization of the model, we refer to our one-loop
form factor computation [2], to the perturbative S-matrix calculations [17,14,18] and, of course,
to the original work [11].
The Feynman diagrams up to two-loops have the structures drawn in Fig. 1. The tree-level
and one-loop results were obtained in [2] and read
f (0)(η1, η2) =
1
2
√
η1η2
, f (1)(η1, η2) =
−iγ√
η1η2
η212B(η1, η2) , (17)
where the multi-index notation means ηij... = ηi+ηj+ . . .. In these variables, the bubble integral
is (for η1 > η2 > 0)
B(η1, η2) =
i
2pi
η1η2
η12η12¯
[
ln
(
η2
η1
)
+ ipi
]
, (18)
where the bar in η12¯ is defined to mean that η2 is subtracted from η1 rather than added to it.
The two-loop diagrams are the double-bubble (“db”), the wineglass (“wg”), and the sunset
diagram (“ss”), see Fig. 1(c). Summing the contributions from the various vertices gives
f (2,db)(η1, η2) = − 2γ
2
√
η1η2
η412B(η12)
2 , (19)
f (2,wg)(η1, η2) = − 8γ
2
√
η1η2
[
4η21η
2
2W0(η1, η2) + 8η1η2η12¯W1(η1, η2)
+ (η21 − 6η1η2 + η22)W2(η1, η2)
]
, (20)
f (2,ss)(η1, η2) = − γ
2
4
√
η1η2
(
1
pi2
− 1
12
)
(η41 + η
4
2) . (21)
The contribution from the sunset diagram is nothing but the two-loop renormalization of the
wave-function given by [14]
Z(η) =
1
2η
[
1− γ2
(
1
pi2
− 1
12
)
η4 +O(γ3)
]
. (22)
The three types of wineglass integrals, W0 ≡W0000, W1 ≡W1000, and W2 ≡W1100 +W2000, are
special cases of2
Wrstu(η1, η2) =
∫
d2k d2q
(2pi)4
ηrkη
s
q(η1 − ηk − ηq)t(η2 + ηk + ηq)u
[k2 − 1][q2 − 1][(p1 − k− q)2 − 1][(p2 + k+ q)2 − 1] . (23)
2This is related to the wineglasses, W˜rstu(p, p
′) used in [14] by Wrstu(η1, η2) = (−1)t+uW˜rstu(η1,−η2).
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The relevant integrals were previously evaluated in the two-loop computation of the world-sheet
S-matrix [14]. Expressing them in terms of the bubble (18), we find
W0(η1, η2) =
η1η2
16pi2
[
pi2
4η2
12¯
+
2pii
η1η2
B(η1, η2)− 4pi
2
η1η2
B(η1, η2)
2
]
, (24)
W1(η1, η2) =
η1η2
16pi2
[
pi2
8η12¯
− 2pi2 η12¯
η1η2
B(η1, η2)
2
]
, (25)
W2(η1, η2) =
η1η2
16pi2
[
pi2
12
− 2pi2 η
2
12¯
η1η2
B(η1, η2)
2
]
. (26)
Now, we can write the sum of all two-loop contributions, (19), (20), and (21), as
f (2)(η1, η2) = − γ
2
4
√
η1η2
[
8η412B(η12)
2 +
η1η2(η
2
1 + η
2
2)(η
2
1 + 4η1η2 + η
2
2)
6η2
12¯
+
16i
pi
η21η
2
2B(η12)− 4(η41 + 6η21η22 + η42)B(η12)2
+
(
1
pi2
− 1
12
)
(η41 + η
4
2)
]
. (27)
Although the computation is rather similar to the computation of the two-particle world-sheet
S-matrix, the final expression for the two-particle form factor is much more complicated; in
particular in contains terms ∼ (log)2. The difference can be traced back to the fact that the
two-particle out-state in the S-matrix computation carries the sum of two on-shell momenta,
while the operator in the form factor computation can absorb an off-shell momentum.
We can check that the above result satisfies the permutation property by computing ∆f ≡
f(η2, η1)− f(η1, η2). Note, however, that this test is sensitive only to the bubble terms. Using
B(η2, η1) = B(η1, η2) + η1η2/η12η12¯, we find
(∆f)(2)(η1, η2) = − γ
2
√
η1η2
[
η1η2
(
η41 + 8η
3
1η2 + 6η
2
1η
2
2 + 8η1η
3
2 + η
4
2
)
(η1η2 + 2η12η12¯B(η1, η2))
η212η
2
12¯
+
4iη31η
3
2
η12η12¯pi
]
, (28)
or with the explicit expression for the bubble
(∆f)(2) = − 4iγ
2
pi
√
η1η2
η21η
2
2
η12η12¯
[
η1η2 +
η1η2(η
2
1 + η
2
2) + η
4
12/4
η12η12¯
ln
η2
η1
]
. (29)
It is straightforward to verify that this matches the prediction of the permutation property given
by
(∆f)(2) = f (1)(η1, η2)S(0)(η1, η2) + f (0)(η1, η2)S(1)(η1, η2) (30)
with f (0)(η1, η2) and f
(1)(η1, η2) from (17) and the zeroth and first order of the S-matrix [17]
S(0)(η1, η2) = −2iγη1η2 η12
η12¯
, (31)
S(1)(η1, η2) = −2γ2η21η22
η212
η2
12¯
− 8iγ
2
pi
η31η
3
2
η12η12¯
(
1 +
η21 + η
2
2
η12η12¯
ln
η2
η1
)
. (32)
We note that the presence of the (log)2-terms is essential for the two-loop permutation property
to hold. While a single log-factor has a constant discontinuity, log-squared has a discontinuity
that is proportional to the logarithm of the momenta. Such a discontinuity in the form factor
is a prerequisite for being able to match the one-loop S-matrix as required by the permutation
property (30).
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3 Solutions of the Functional Equations
One method for deriving form factors in an integrable model involves solving generalised Watson
equations involving the exact S-matrix. These equations encode various properties expected in
a sensible quantum field theory such as unitarity, crossing symmetry (properly understood) and
factorisation of the S-matrix. The latter is a particularly powerful property in an integrable
theory with an infinite number of conserved quantities and can be formalised in terms of the
Zamolodchikov algebra, see e.g. [1]. Form factors can then be built from solutions of these
functional equations with appropriate analytical properties. In general, the functional equations
are matrix valued with intricate group structure, however, we will focus on the simplest case:
two-particle form factors in a rank-one sector.
3.1 Formal Solution of the Functional Equations
We first review the well known relativistic case where the S-matrix and the two-particle form
factor only depend on the difference of the external particle rapidities, θ = θ2 − θ1. The two-
particle functional equations in a rank-one sector are
f(θ) = f(−θ)S(θ) and f(ipi − θ) = f(ipi + θ) . (33)
The first equation is self-consistent only if the S-matrix satisfies S−1(θ) = S(−θ). Combining
these two equations, we obtain
f(θ + 2ipi) = f(θ)S(−θ) . (34)
In solving this equation, see e.g. [9], it is assumed that f(θ) is meromorphic in the physical strip
0 ≤ Im θ ≤ pi with poles only on the imaginary axis 3. With appropriate asymptotic conditions,
the two particle form factor can be written as
f(θ) = k(θ)fmin(θ) , (35)
where fmin(θ) is a solution to (34) with no poles or zeros in the physical strip, while k(θ) =
k(−θ) = k(2ipi + θ) captures all the poles and zeros. Additional “minimality” assumptions
regarding the absence of zeros away from threshold, θ = 0, are often made [9] and can be
checked against explicit perturbative equations. However, it is worth noting that this additional
assumption selects specific solutions, and hence corresponds to specific operators.
To determine the “minimal solution”, fmin, a standard method is by contour integration [9]
(for a more recent application of the same argument to the su(N) PCM see [19]). However, this
is equivalent to the formal solution corresponding to an infinite product of S-matrices:
fmin(θ) =
∞∏
n=1
S(−θ + 2inpi) =
∞∏
n=1
S−1(θ − 2inpi) . (36)
While this product is strictly divergent and so must be interpreted with care, if nothing else, it
can be used to find a candidate solution which can then be verified4. We will start by reviewing
this strategy for the sine-Gordon model and show that it yields the minimal form factor solution
originally due to Weisz [8]. Afterwards we will apply it to the string world-sheet theory.
3It is perhaps more natural to define the form factor on the double cover 0 ≤ Im θ ≤ 2pi e.g. [1]. Indeed the
contour argument [9] used to determine the two-particle minimal solution uses the fact that it is analytic with no
zeroes or poles in this larger space.
4The contour method for the minimal form factors is also formal in the sense that it produces divergences.
These can be removed by calculating the logarithmic derivative and then upon integration setting the additive
constant to be finite.
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3.2 Sine-Gordon Theory
Soliton-soliton form factor The sine-Gordon soliton-soliton S-matrix is [20]
Sss(θ) =
∞∏
k=1
Γ
[
1
g
(
2k + iθpi
)]
Γ
[
1 + 1g
(
2k − 2 + iθpi
)]
Γ
[
1
g
(
2k − 1− iθpi
)]
Γ
[
1 + 1g
(
2k − 1− iθpi
)]
Γ
[
1
g
(
2k − iθpi
)]
Γ
[
1 + 1g
(
2k − 2− iθpi
)]
Γ
[
1
g
(
2k − 1 + iθpi
)]
Γ
[
1 + 1g
(
2k − 1 + iθpi
)] (37)
where g is the coupling constant. To find a useful integral form of the S-matrix we can use
Malmste´n’s formula
ln Γ(z) =
∫ ∞
0
dt
t
(
(z − 1)− 1− e
−(z−1)t
1− e−t
)
e−t (38)
to write the logarithm of the S-matrix as
lnSss(θ) =
∞∑
k=1
∫ ∞
0
dt
t
2e−2kt/g
(et − et/g)(1− et/g)
et − 1 sinh
tθ
ipig
=
∫ ∞
0
dt
t
(
−1 + coth t
2
tanh
t
2g
)
sinh
tθ
ipig
=
∫ ∞
0
dt
t
sinh (1−g)t2
sinh gt2 cosh
t
2
sinh
tθ
ipi
, (39)
where in the last line we rescaled the parameter t by g. According to (36), we can find from this
the logarithm of the form factor as the sum
ln fmin(θ) =
∞∑
n=1
lnSss(−θ + 2inpi) =
∫ ∞
0
dt
t
h(t)
∞∑
n=1
sinh
( t
ipi
(−θ + 2inpi)
)
, (40)
where h(t) = sinh(1−g)t/2sinh gt/2 cosh t/2 . The sum in (40) is not well defined, in order to obtain a sensible
expression we separate the sinh-function into two exponentials and obtain two convergent series
(though convergent for different values of the rapidity). Performing the summations we find
ln fmin(θ) = −
∫ ∞
0
dt
t
h(t)
cosh
(
(θ − ipi) tipi
)
2 sinh t
= C +
∫ ∞
0
dt
t
h(t)
sinh2
(
(θ − ipi) t2ipi
)
sinh t
, (41)
where C is independent of θ. While the individual steps in the derivation are merely formal
manipulations, it is straightforward to check that the final answer is indeed a solution of Watson’s
equations with the required properties and moreover the second form is exactly the solution of
Weisz [8] and Karowski and Weisz [9].
We can also write this product solution in a notation similar to Vieira and Volin [21]. Defining
a shift operator D by the action Dh(θ) = h(θ+ 2ipi) and h(θ)g(D) = exp(g(D) lnh(θ)) for some
function g(D), we can write (34) as
fmin(θ)
D−1 = S(−θ) . (42)
Thus we can solve formally the equation by writing
fmin(θ) = S(−θ)
1
D−1 =
∞∏
n=1
S(−θ)D−n =
∞∏
n=1
S(−θ + 2inpi) , (43)
where we have expanded the exponent as if D > 1. We could equally have expanded in D < 1
and found an alternative expression for the solution
fmin(θ) =
∞∏
n=0
S(−θ)−Dn = S(θ)
∞∏
n=1
S(θ + 2inpi) , (44)
which is related to the first expansion by f(θ) = S(θ)f(−θ), see (33).
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Breather-Breather form factor As we will see below scattering in the near-flat or Malda-
cena-Swanson limit of the string world-sheet theory is closely related to breather-breather scat-
tering in sine-Gordon theory and so, as a warm up, it is useful to solve the functional equations
in sine-Gordon theory perturbatively. We will consider the sine-Gordon breather-breather S-
matrix, which is given by
Sbb = sinh θ + i sinpiν
sinh θ − i sinpiν , (45)
were ν is the coupling, which we will take to be small in our perturbative expansion. This
S-matrix can be written as an integral [22]
Sbb = − exp
∫ ∞
0
dt
t
2 cosh(ν − 12)
cosh t2
sinh
tθ
ipi
. (46)
Expanding at small coupling, ν → 0 we find
Sbb = S(0) + S(1) + · · · = 1 + 2ipiν csch θ +O(ν2) . (47)
Correspondingly we can write
S(1) = −2ν
∫ ∞
0
dt tanh
t
2
sinh
tθ
ipi
. (48)
We can explicity perform the integral by contour integration. There are poles at t = ipi(2n+ 1)
for n ∈ Z. We extend the integration to the entire real line and split the sinh into two factors
eitθ/pi and e−itθ/pi. For Re θ > 0, we can close the contour for the first term in the upper half
plane picking up the poles at n = 0, 1, 2, . . . with residues
νe−(2n+1)θ , (49)
while for the second term, we close the contour in the lower half plane picking up the poles at
n = −1,−2, . . . with residues −νe(2n+1)θ. Taking into account the different orientation of the
contours and summing over all poles we find
S(1) = 2piiν csch θ , (50)
as expected. For the perturbative form factor
fmin(θ) = f
(0)
min(θ) + f
(1)
min(θ) + . . . (51)
the formula (36) reduces at first order to
f
(1)
min(θ) =
∞∑
n=1
S(1)(−θ + 2ipin) = ν
2
∫ ∞
0
dt
cosh
(
(θ − ipi) tipi
)
cosh2 t2
. (52)
This integral can again be done by contour integration; there are poles at t = (2n + 1)ipi. The
final answer is
f
(1)
min(θ) = −ν(θ − ipi) csch θ . (53)
Now, let us turn to the near-flat limit of the world-sheet theory.
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3.3 Near-Flat World-Sheet Theory
The world-sheet theory in light-cone gauge is not Lorentz invariant and so the previous methods
are not directly applicable. However, they can be generalised and in particular the axioms be
formulated straightforwardly [2]. In the case of the Maldacena-Swanson limit the world-sheet
theory becomes “almost” Lorentz invariant. In terms of the rapidity variables, θi, defined by
ηi = e
θi , we can write the near-flat S-matrix in terms of a rapidity-dependent coupling,
γ˜ = γeθ1+θ2 , (54)
where γ is the loop counting parameter, and the rapidity difference θ = θ2 − θ1. To two-loop
order, the S-matrix in the su(2) sector is
S(γ˜, θ) = 1 + 2iγ˜ coth θ
2
− 2γ˜2 coth2 θ
2
+
4iγ˜2
pi
(1− θ coth θ) csch θ +O(γ˜3) . (55)
This can be written, again to two loops, as
lnS(γ˜, θ) = 2iγ˜ coth θ
2
+
4iγ˜2
pi
(1− θ coth θ) csch θ +O(γ˜3) , (56)
which can be written in a convenient integral form. Before proceeding to that step however, it
is interesting to note that considering just the BDS [23] part of the S-matrix, in the near-flat
limit this becomes, to all orders in γ˜,
SBDS = 1− 2
1− i2
(
γ˜ + 1γ˜
)
sinh θ
= 1− 2
1− iβ sinh θ
=
sinh θ − iβ
sinh θ + iβ
, (57)
where we have written the rapidity-dependent coupling as β = 2γ˜
1+γ˜2
. It is interesting to observe
the similarity of this S-matrix to that for breathers in sine-Gordon theory
Sbb = sinh θ + i sinpiν
sinh θ − i sinpiν = − exp
∫ ∞
0
dt
t
2 cosh(1/2− ν)t
cosh t/2
sinh
tθ
ipi
. (58)
Returning to the full S-matrix, but only to two loops, we can write the logarithm as
lnS(γ˜, θ) = −4γ˜
pi
∫ ∞
0
dt coth t sinh
tθ
ipi
− 2γ˜
2
pi2
∫ ∞
0
dt t tanh2
t
2
sinh
tθ
ipi
+O(γ˜3) . (59)
In this formula we have left the S-matrix invariant under shifts of the effective coupling, ln γ˜ →
ln γ˜+2pii, i.e. in the sum of rapidities while extending it beyond the physical region as a function
of the rapidity difference. This formula is now of the same form as the Lorentz invariant sine-
Gordon case and with this motivation we will apply the above methods.
Once again using the relation
exp ln fmin(θ) = exp
( ∞∑
n=1
lnS(γ˜,−θ + 2inpi)
)
(60)
we find that
fmin(θ) = 1− γ˜
pi
(θ − ipi) coth θ
2
+
γ˜2
2pi2
(θ − ipi)2 coth2 θ
2
− γ˜
2
pi2
(θ − ipi)(2− (θ − ipi) coth θ) csch θ +O(γ˜3) . (61)
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This can be compared with the two-loop perturbative calculation (17) and (27) (rewritten in
terms of γ˜ and θ)
fpert(η1, η2) =
1
2
√
η1η2
[
1− γ˜
pi
(θ − ipi) coth θ
2
+
γ˜2
2pi2
(θ − ipi)2 coth2 θ
2
− γ˜
2
pi2
(θ − ipi)(2− (θ − ipi) coth θ) csch θ
− γ˜2
(
1
6
cosh θ +
1
2
1
1− sech θ +
(
1
pi
− 1
12
)
cosh 2θ
)]
(62)
and it can be seen that the minimal solution correctly reproduces all the terms involving bubble
integrals, or correspondingly, the logarithmic terms, here appearing as (θ− ipi). In fact, we can
write the perturbative expression as
fpert(η1, η2) =
1
2
√
η1η2
k(γ˜, θ)fmin(γ˜, θ) (63)
with
k(γ˜, θ) = 1− γ˜2
(
1
6
cosh θ +
1
2
1
1− sech θ +
(
1
pi
− 1
12
)
cosh 2θ
)
(64)
which is indeed even and periodic in θ. However, it is does not appear to follow from an
obvious “minimality” condition such as used in relativistic theories. It is possible that we need
to correct the operator Y 2 at higher orders and that such a correctly defined operator would
satisfy minimality. In either case, it would certainly be interesting to better understand any
constraints, such as those following from bound state singularities, that would allow one to
determine this function without recourse to perturbation theory.
3.4 Near-Plane-Wave World-Sheet Theory
It is also interesting to consider the perturbative form factors in the near-BMN or near-plane
wave limit discussed in Sec. 2.1. We again focus on a single su(2) sector. The world-sheet tree-
level S-matrix was perturbatively calculated for a class of light-cone type gauges in [15], and for
the scattering Y Y → Y Y one finds
S = 1 + ipi√
λ
(
(p1 + p2)
2
2p1 − 1p2 + (1− 2a)(2p1 − 1p2)
)
, (65)
where a characterizes the gauge-fixing. Now, we work with the usual rapidity parameters (7)
and the combinations θ = θ2 − θ1 and θ˜ = θ2 + θ1. As we will see, at least to one-loop and
for the a = 12 gauge, the sum of rapidities can be combined with the coupling such that we
can write the S-matrix in an integral form much as in sine-Gordon and almost exactly parallel
to the near-flat case. Then the same trick for finding a solution to Watson’s equations can be
employed and we find a one-loop minimal form factor that matches the perturbative Feynman
diagram calculation.
In terms of θ and θ˜ the S-matrix, (65), is
S = 1− ipi√
λ
(
2 coth
θ
2
sinh2
θ˜
2
+ (1− 2a) sinh θ
)
(66)
so that with a = 12 we can write (to leading order)
lnS = 4√
λ
sinh2
θ˜
2
∫ ∞
0
dt coth t sinh
tθ
ipi
. (67)
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Thus, valid to order 1/
√
λ, we find for the minimal solution
fmin = exp
(
− 2√
λ
sinh2
θ˜
2
∫ ∞
0
dt coth t
cosh
(
(θ − ipi) tipi
)
sinh t
)
(68)
or
fmin = 1 +
1√
λ
(θ − ipi) coth θ
2
sinh2
θ˜
2
+O(λ−1) . (69)
which (up to the overall wave-function factor) agrees with the Feynman diagram computation,
(14), in the a = 1/2 gauge.
4 Gauge Theory Structure Constants from Form Factors
We wish to compare the world-sheet form factors calculated above with gauge theory structure
constants. The motivation for this identification comes from the fact that for specific gauge
theory operators the tree-level structure constants can be related to spin-chain matrix elements
of specific operators, see e.g. [6]. The OPE coefficients for three operators, Oa, Ob, and Oc,
naturally have the expansion at small ’t Hooft coupling
Cabc = cabc0 (1 + λc
abc
1 + . . . ) , (70)
where the leading term cabc0 is given by free field contractions. This leading term can thus be
related to a spin-chain matrix element where two of the gauge theory operators serve as in-
and out-states, say Oa → 〈a| and Oc → |c〉, and the third as a spin-chain operator Ob → Ob.
The example which is relevant to our considerations is the su(2) sector comprising the complex
scalars Z and Y , which is described at one-loop by the spin-1/2 XXX spin-chain. The vacuum
state is naturally identified with the normalised BPS-state,
1√
Lc
tr(ZLc)↔ |0〉Lc = |↑↑ . . . ↑〉 , (71)
where Lc denotes the spin-chain length. For operators with equal numbers of holomorphic and
antiholomorphic fields an explicit representation in terms of the usual spin-chain operators can
be found, e.g.
O = tr(ZZY¯ Y¯ )↔ O =
Lc∑
j=1
S+,jS+,j+1 , (72)
where S+,j is the spin raising operator acting on site j. Famously, the XXX spin-chain can
be solved by the Bethe Ansatz (see e.g. [24] for a review) and in general the inverse scattering
method expresses local spin-chain operators in terms of the transfer matrix. However, we will
not need the full power of this method for our considerations as will consider states with at
most two excitations: |ψ(p1, p2)〉Lc . Such states are eigenvectors of the transfer matrix when the
momenta satisfy the Bethe equations (BE) and after further imposing the condition of vanishing
total momentum, p1 = −p2, the spin-chain state corresponds to the BMN single trace operators
of the gauge theory [25]
O =
1√
Lc − 1
Lc−2∑
j=0
cos
pin(2j + 1)
Lc − 1 tr(Y Z
iY ZLc−2−j) , (73)
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where n is the mode number that characterises the solution of the BE. We will focus on the
case where one operator is the vacuum state Oa ∼ tr(Z¯Lc), a second is the short operator
Ob = tr(ZZY¯ Y¯ ) and the third is a BMN operator with two-impurities Oc ∼ (Y 2ZLc−2). To
this end we calculate the spin-chain matrix element
cabc0 = Lc〈0|S+,jS+,j+1|ψ(p1, p2)〉Lc (74)
where the excitation momenta satisfy the BE (but for generality we will not impose vanishing
total momentum).
Our aim is compare the thermodynamic expansion of this matrix element with the two-
particle world-sheet form factor. The thermodynamic limit of the spin-chain is described by a
Landau-Lifshitz model (LL) [26]. It is well known that the world-sheet action, including loop-
effects, can be matched to the LL action by appropriate field redefinitions [27] (we review this
matching in App. D) and thus it is unsurprising that agreement is found in the appropriate limits.
However, it is useful to consider the explicit matching as it highlights several important feature
of the gauge theory/string theory comparison that will be relevant more generally. The key
issue is that while the spin-chain matrix elements correspond to periodic, finite length states the
world-sheet form factors are calculated in infinite volume. Thus, the first step is to recompactify
the string world-sheet so that it has finite length, say Ls. We propose that finite-volume effects
to all polynomial orders in 1/Lc can then be accounted for by:
(i) demanding that the momenta satisfy the string Bethe equations
(ii) properly taking into account the normalization of the states.
This proposal is quite similar to the analogous procedure used in relativistic integrable models
as described in [28]. Naturally there could also be exponential corrections which will require
more involved techniques such as the TBA but we leave such considerations to the future.
4.1 Spin-Chain Form Factors
In order to check our proposal in at least one concrete case, we review some expressions regarding
the spin-chain form factor
fspin(p1, p2) = 〈0|S+,1S+,2|ψˆ(p1, p2)〉 (75)
for the two-particle state |ψˆ(p1, p2)〉, which is the normalized version of
|ψ(p1, p2)〉 =
∑
1≤x1<x2≤Lc
ψ(p1, p2)x1,x2 |x1, x2〉 . (76)
We take the wave-function to be
ψ(p1, p2)x1,x2 = e
ip1x1+ip2x2+
i
2 Θ12 + eip2x1+ip1x2−
i
2 Θ12 , (77)
where the phase-shift Θ12 ≡ Θc(p1, p2) is given in terms of the Heisenberg S-matrix by
eiΘc(p1,p2) = S(p1, p2) = −e
i(p1+p2) − 2eip1 + 1
ei(p1+p2) − 2eip2 + 1 . (78)
In order to normalize the state, we compute the norm Nc(p1, p2) = 〈ψ(p1, p2)|ψ(p1, p2)〉 and
then divide the state by
√Nc. This does not fix the state completely, but only up to an overall
phase which is arbitrary and as we will see this contribution will not match the corresponding
term in the world-sheet form factor. The form factor is then given by
fspin(p1, p2) =
ψ(p1, p2)1,2√Nc(p1, p2) . (79)
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Mode numbers As mentioned, spin-chain states corresponding to eigenoperators of the di-
latation generator have momenta satisfying the BE, i.e.
p1Lc = Θc(p1, p2) + 2pin1 , p2Lc = −Θc(p1, p2) + 2pin2 . (80)
In making the comparison with the world-sheet theory, we are most interested in the thermo-
dynamic limit and in a large-Lc expansion the momenta are given by
p1 =
2pin1
Lc
− 4pi
L2c
n1n2
n1 − n2 +O(L
−3
c ) , p2 =
2pin2
Lc
+
4pi
L2c
n1n2
n1 − n2 +O(L
−3
c ) . (81)
Normalization We can compute the norm directly by performing the sum
〈ψ(p1, p2)|ψ(p1, p2)〉 = Lc(Lc − 1) + e−i∆p(Lc−1)+iθ12
Lc−1∑
x=1
xei∆p(x−1)
+ ei∆p(Lc−1)−iθ12
Lc−1∑
x=1
xe−i∆p(x−1) (82)
where ∆p = p1 − p2 and, using the Bethe equations to replace the factors of the form eipiLc , we
find
〈ψ(p1, p2)|ψ(p1, p2)〉 = Lc
(
Lc − 2(2− cos p1 − cos p2)
3− 2(cos p1 + cos p2) + cos(p1 + p2)
)
. (83)
As is well known, the same result can also be found from a determinant expression [29] (see
App. B).
Final result Using the expansion (81), the wave-function (77) becomes
ψ(p1, p2)1,2 = 2 +
6ipi
Lc
(n1 + n2) +O(L−2c ) , (84)
and the scalar product (83) is
〈ψ(p1, p2)|ψ(p1, p2)〉 = L2c − 2Lc
n21 + n
2
2
(n1 − n2)2 +O(L
0
c) , (85)
leading to the normalization factor
N−1/2c =
1
Lc
+
1
L2c
n21 + n
2
2
(n1 − n2)2 +O(L
−3
c ) . (86)
Combining these, the final expression for the spin-chain form factor, (79), to subleading order
in 1/Lc is
fspin(p1, p2) =
2
Lc
+
6ipi
L2c
(n1 + n2) +
2
L2c
n21 + n
2
2
(n1 − n2)2 +O(L
−3
c ) . (87)
As discussed above, this expression is related to the tree-level structure constants (74) and it is
this expression we wish to relate to the string theory calculation.
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4.2 World-Sheet Form Factors in Finite Volume
For the form factor calculation, and following the procedure outlined above, we must recompact-
ify the string world-sheet. Prior to decompactification, for the general a-gauge light-cone string
action, the world-sheet length, Ls, is related to the string energy, E, and angular momentum on
the S5, J , via the relation
Ls = 2pi
[
(1− a) J√
λ
+ a
E√
λ
]
. (88)
Replacing E in (88) by the expression for the light-cone energy
E = J +
∑
i
√
1 + p2i . (89)
one obtains
Ls =
2pi√
λ
[
J + a
√
1 + p21 + a
√
1 + p22
]
(90)
in the case of two momenta. In principle, it is important to note that the momenta themselves
depend on the world-sheet length, see (94). However, being interested only in the limit of large
J and large J/
√
λ, it is sufficient to approximate
√
1 + p2i by 1. Thus we are left with
Ls =
2pi√
λ
[
J + 2a+O(J−1)] = 2pi√
λ
[
Lc − 2(1− a) +O(L−1c )
]
. (91)
If we wished to express our final answers in terms of the gauge theory R-charge which is dual
to the string angular momentum, J , it would be natural to work in a = 0 gauge. Alternatively,
to match with the Landau-Lifshitz theory describing the thermodynamic limit of the spin-chain
we need to express our answers in terms of the spin-chain length, Lc, which is given by the
R-charge, J , plus the number of excitations, M = 2, we work in a = 1 gauge. Further, as can
be seen from the match with the LL-action, App. D, to get the correct identifications we rescale
the fields and world-sheet coordinates so that the length is Ls =
2piLc√
λ
while the loop counting
parameter will effectively be 1/Lc.
Mode numbers Next we need to express the excitation momenta in terms of the mode
numbers characterising solutions to the string Bethe equations for a world-sheet of length Ls:
p1Ls = Θs(p1, p2) + 2pin1 , p2Ls = −Θs(p1, p2) + 2pin2 (92)
where the worldsheet S-matrix5 in the relevant su(2) sector is given by SB(p1, p2) = e
iΘs(p1,p2)
with the phase shift to leading order in 1/
√
λ is given by
Θs(p1, p2) = − pi√
λ
(
(p1 + p2)
2
2p1 − 1p2 + (1− 2a)(2p1 − 1p2)
)
+O(λ−1) . (93)
The solution for the momenta to order 1/
√
λ is
p1 =
2pin1
Ls
− 4pi
2
√
λL2s
n21 + n
2
2 − a(n1 − n2)2
n1 − n2 +O(λ
−1) , (94)
5The S-matrix appearing in the Bethe ansatz is related to that calculated directly from the worldsheet theory
by S = PgPup1p2SB , where Pg is the graded permutation operator and Pup1p2 exchanges the excitation momenta.
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and similar for p2. Inserting these expressions into the formulas (8) and (13) for the form factor
one obtains to order 1/
√
λ,
f (0)(n1, n2) =
1
2
− pi
2
2L2s
(n21 + n
2
2) +O(L−3s ) , (95)
f (1)ren(n1, n2) =
ipi2
2
√
λLs
[
(n1 + n2)
2
n1 − n2 + (1− 2a)(n1 − n2)
]
+
2pi2√
λL2s
[
(n21 + n
2
2)− a(n1 − n2)2
]
+O(L−3s ) .
We will in fact only need to keep terms to order 1/Ls as the subleading terms correspond to
one-loop and higher corrections in the gauge theory expansion. It would certainly be interesting
to understand how to match these subleading terms, however this will be left to future work
and we will content ourselves with the tree-level gauge theory structure constants.
Normalization The second step in relating the form factors to finite volume matrix elements is
to include an appropriate density of states factor or, equivalently, to use appropriately normalized
states. To motivate this factor we consider the fact that the external two-particle states in the
world-sheet theory, |Y (p1)Y (p2)〉, satisfy
〈Y (p3)Y (p4)|Y (p1)Y (p2)〉 = (2pi)2
[
δ(p1 − p3)δ(p2 − p4) + crossed channel
]
, (96)
while the two-magnon states of the spin-chain, |ψˆ(p1, p2)〉, are normalized such that
〈ψˆ(p3, p4)|ψˆ(p1, p2)〉 = δp1,p3δp2,p4 + crossed channel. (97)
These two ways of normalizing the states are not immediately comparable. Instead, the states
should be normalized such that the right hand sides are delta-functions of the mode numbers,
i.e. δ(n1 − n3)δ(n2 − n4) and δn1,n3δn2,n4 , respectively. For the Kronecker-delta function this
is trival and is given by δp1,p3 = δn1,n3 . However, for the Dirac-delta function the change of
variables generates a Jacobian:
δ(p1 − p3)δ(p2 − p4) =
∣∣∣∣ ∂(p1, p2)∂(n1, n2)
∣∣∣∣−1 δ(n1 − n3)δ(n2 − n4) . (98)
The partial derivatives of the momenta can be computed from (94) and are given by
∂p1
∂n1
=
2pi
Ls
+
4pi2√
λL2s
[−n21 + 2n1n2 + n22
(n1 − n2)2 + a
]
,
∂p1
∂n2
= − 4pi
2
√
λL2s
[
n21 + 2n1n2 − n22
(n1 − n2)2 + a
]
, (99)
∂p2
∂n1
= − 4pi
2
√
λL2s
[−n21 + 2n1n2 + n22
(n1 − n2)2 + a
]
,
∂p2
∂n2
=
2pi
Ls
+
4pi2√
λL2s
[
n21 + 2n1n2 − n22
(n1 − n2)2 + a
]
,
all up to order L−3s . The Jacobian (times (2pi)2 from (96)) then becomes
(2pi)2
∣∣∣∣ ∂(p1, p2)∂(n1, n2)
∣∣∣∣−1 = L2s − 4piLs√λ
[
2n1n2
(n1 − n2)2 + a
]
+O(L0s ) . (100)
This expression gives the additional normalization factor, Ns, that must be included to interpret
the form factor as a finite volume matrix element. The form is naturally reminiscent of the
Gaudin expression for the norm of Bethe states in non-relativisitic integrable models [29,30] and
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is closely related to the density of states factor found in the relativistic case by Poszgay [28].
Including the normalization factor we find to order 1/
√
λ and 1/L2s ,
fˆ(n1, n2) =
1√Ns
[
f (0)(n1, n2) + f
(1)(n1, n2)
]
=
1
2Ls
+
pi√
λL2s
(
2n1n2
(n1 − n2)2 + a
)
+
ipi2
2
√
λL2s
(
(n1 + n2)
2
n1 − n2 + (1− 2a)(n1 − n2)
)
+O (L−3s ) . (101)
4.3 World-Sheet Form Factors in Spin-Chain variables
While the expression (101) gives the two-particle form factor in finite volume, to make a com-
parison with the results on the spin-chain i.e. the tree-level gauge theory result, ta number of
additional issues must be addressed. Firstly, we must express the answer in terms of spin-chain
variables, that is we must use the spin-chain length Lc rather than the world-sheet length Ls,
by using (91). Expressing the world-sheet momenta (94) in terms of the spin-chain length mixes
the two terms in (94) and yields
p1 =
√
λ
[
n1
Lc
− 1
L2c
(
2n1n2
n1 − n2 − (1− a)(n1 + n2)
)
+O(L−3c )
]
. (102)
We note that the dependence on the gauge parameter a drops out, when level-matching is
imposed, i.e. for n1 + n2 = 0. If we instead set a = 1, then
p1 =
√
λ
[
n1
Lc
− 1
L2c
2n1n2
n1 − n2 +O(L
−3
c )
]
, (103)
which equals the spin-chain momentum, (81), up to an overall factor of 2pi√
λ
. This is a second
issue which corresponds to the fact that in order to compare dimensionful quantities, such as
the normalised form factors, between the world-sheet theory and the spin-chain we must rescale
by such a factor.
The form factor normalization in spin-chain variables is
Ns = (2pi)2
∣∣∣∣ ∂(p1, p2)∂(n1, n2)
∣∣∣∣−1 = (2pi)2L2cλ
[
1− 2
Lc
(
2(n21 − n1n2 + n22)
(n1 − n2)2 − a
)
+O(L0c)
]
. (104)
We note that the the normalisation is dimensionful from the world-sheet perspective and so
before comparing to the spin-chain one should perform a rescaling by λ
(2pi)2
. Hence, we should
we should multiply the form factor (95) by the extra factor
2pi√
λ
1√Ns
=
1√
λ
∣∣∣∣ ∂(p1, p2)∂(n1, n2)
∣∣∣∣1/2 = 1Lc + 1L2c
[
n21 + n
2
2
(n1 − n2)2 + (1− a)
]
. (105)
Expressing the form factor (95) in terms of Lc, and including the rescaled normalisation (105),
fˆ(n1, n2) =
1
2Lc
+
ipi
4L2c
[
(n1 + n2)
2
n1 − n2 + (1− 2a)(n1 − n2)
]
+
1
2L2c
(
n21 + n
2
2
(n1 − n2)2 + (1− a)
)
− λ
8L3c
(n21 + n
2
2) +
√
λ
2L3c
[
n21 + n
2
2 − a(n1 − n2)2
]
+O(L−4c ) . (106)
Here, as in (95), in the second line we have kept the subleading 1/L3c terms. In the usual BMN
scaling the parameter λ˜ = λ/L2c is taken to be small at both weak and strong ’t Hooft coupling
and the 1/L3c terms should thus rather be interpreted as λ˜/Lc and
√
λ˜/L2c terms, respectively.
In making a comparison with the tree-level gauge theory results we will not further consider
these terms.
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4.4 World-Sheet versus Spin-Chain Operator
The suitably rescaled form factor in spin-chain variables, (106), is at leading order similar to
the spin-chain form factor (87). However, it remains to carefully match the spin-chain operator
to the world-sheet operator.
Splitting the operator In particular, in order to compare the finite volume form factor result
to the spin-chain calculation at subleading order, we need take into consideration that the two
Y -fields in (2) sit at the same point while the spin-chain operators S+ in (75) act on distinct
sites. We account for this difference by starting with the world-sheet operator Y (x)Y (x+b) and
Taylor expanding the second operator about x. This yields
〈0|Y (x)Y (x+ b)|p1, p2〉 = 〈0|Y (x)Y (x)|p1, p2〉+ 1
2
bµ∂µ〈0|Y (x)Y (x)|p1, p2〉+O(b2) (107)
with bµ = (0, bs). In momentum space, the form factor for separated fields is thus
fsep(p1, p2) = f(p1, p2)− i
2
bs(p1 + p2)f(p1, p2) . (108)
On the spin-chain side, the two operators are separated by bc = 1 sites. This should correspond
to
bs =
2pi√
λ
(109)
according to (91). Using (103) for the momenta, we have
− i
2
bs(p1 + p2) = − ipi
Lc
(n1 + n2) . (110)
This term must be added to the form factor, however it can be seen that it only contributes to
the imaginary term corresponding to the phase of the state.
Operator normalization A second issue is the exact map between the spin operators S+
and the world-sheet fields Y . This was discussed in context of world-sheet form factors in [2].
In general the relation is non-linear and at next-to-leading order is (e.g. see App. D)
S+ =
√
2Y
[
1− 3
2
|Y |2 + . . .
]
. (111)
For the two-particle form factors of the operator (2) we do not need to take into account the
non-linear terms, but according to this mapping, the world-sheet operator 12Y
2 is a factor of 4
smaller than the spin-chain operator (S+)
2.
Final result Combining all the above factors and specialising to a = 1 gauge we find for the
operator O = 2Y 2, to order 1/L2c and λ˜0
fˆ(n1, n2) =
2
Lc
+
2ipi
L2c
(
2n1n2
n1 − n2 − (n1 + n2)
)
+
2
L2c
n21 + n
2
2
(n1 − n2)2 . (112)
Compared to the spin-chain result (87) we see that the real terms match while the imaginary
terms do not. This is not too surprising as the phases of the states cannot be fixed. In principle
we could include an additional overall phase factor in the definition of the spin-chain state that
would give agreement (see App. C). However, this means that the term coming from the bubble
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integral (∼ 4ipi) cannot be compared to the spin-chain result. The first non-trivial comparison
that can be performed is between the two-loop diagrams on the string side and the next-to-next-
to-leading 1/Lc term on the spin-chain side. Such terms could also be relevant when extending
the match between the string theory and gauge theory beyond leading order in the effective ’t
Hooft coupling λ˜ and certainly such phases will be important in finding all-loop order solutions
to the functional equations.
5 Outlook
In this work we have continued earlier perturbative calculations of world-sheet form factors,
[2], by calculating the two-particle form factor for the su(2) sector operator O ∼ Y 2 to one
loop in the near-plane-wave limit and to two loops in the Maldacena-Swanson limit. These
perturbative calculations could of course be yet further continued to higher orders. At the
level of explicit Feynman calculations one would expect the combinatorial complexity and the
difficulties in performing the loop integrations to become increasingly burdensome and more
efficient methods of calculation will be useful. The tools of generalised unitarity have recently
been successfully applied to the calculation of the world-sheet S-matrix [31]. These methods are
obviously analogous in part to the form factor axioms, i.e. they make use of the branch cuts
and singularity structure, and it would be very interesting to apply them to the calculation of
world-sheet form factors.
While further perturbative calculations would be useful, the problem of finding exact so-
lutions to the two-particle form factor axioms immediately presents itself. The generalised
rapidity for the world-sheet magnons, z, is defined on a torus with imaginary period 2ω2 and
the functional equation is written in terms of the exact world-sheet S-matrix S(z1, z2),
f(z1 + 2ω2, z2) = S(z1, z2)f(z1, z2) . (113)
As for the relativistic case, one can write a formal solution as an infinite product
fmin(z1, z2) =
∞∏
n=1
S(z1 − 2nω2, z2) . (114)
however in this case, as we do not currently have a useful integral expression for the exact
S-matrix, we cannot immediately write down a concrete expression following from this formal
“minimal” solution. Finding a generalisation of the relativistic contour argument or an analogous
method will be a necessary step in determining the exact two-particle form factor.
Extending these results beyond a simple rank-one sector to the full world-sheet theory with
psu(2|2)2 nR3 symmetry at the level of perturbative calculations should be straightforward. A
more complete understanding via the axiomatic approach will require significantly more powerful
tools due to the non-diagonal scattering which results in matrix equations for the form factors
and hence a more complicated algebraic structure. One approach to similar problems, for
example in theories with su(N) factorised scattering, is the nested “off-shell” Bethe ansatz [32] as
applied to form factors in, e.g., [33]. Another method for solving the form factor axioms, following
ideas in the work [34], is based on finding the free field representation for the Zamolodchikov-
Faddeev algebra [35]. This method has been applied to a number of different models, see
e.g. [36]; one model of interest in the current context is the chiral Gross-Neveu model with
su(N) symmetry [37].
The world-sheet form factors become substantially more interesting quantities once we can
understand their relation to observables in the N = 4 SYM. As described, they can be related
to tree-level gauge theory structure constants via their match in the thermodynamic limit to
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spin-chain matrix elements. Recently, particularly following the work [38], there has been a
great deal of activity in extending the spin-chain methods in the calculation of structure con-
stants [39], which may allow for a further study of the relation to world-sheet form factors.
More generally, one may argue for a relation via the identification of gauge theory three-point
correlation functions with world-sheet correlation functions of string vertex operators
〈O1(a1)O2(a2)O3(a3)〉CFT ' 〈V1(a1)V2(a2)V3(a3)〉world−sheet , (115)
where in our considerations Vi(ai) is a world-sheet vertex operator dual to a single trace gauge
theory operator Oi(ai) at a space-time point ai. We focus on the case where two of the string
vertex operators, say V1 and V3, create near-BMN strings, that is strings with large energy
and angular momentum, J1 ' J3 ' J ∼
√
λ on an S2 ∈ S5 and some finite number of small
momentum excitations. In light-cone gauge, the string vertex operators can be viewed as creating
string world-sheets with specific excitations at world-sheet time τi → ±∞. If the remaining
vertex operator V2 creates a light string, i.e. one whose charges are ≤ λ1/4 we may attempt
to treat it as a local operator on the world-sheet created (annihilated) by V1 (V3) up to an
overall factor capturing the dependence on the boundary location by assuming that it does not
affect the semiclassical trajectory. In this heavy-heavy-light limit, the gauge theory structure
constants should be related to the finite volume world-sheet matrix element. It would certainly
be interesting to see to what degree this construction can be implemented. One possibility
is to study the heavy-heavy-light limit for world-sheet correlation functions calculated in [40]
using methods based on plane-wave light-cone string field theory [41] or by functional light-
cone methods [42]. Given the possible relation to the heavy-heavy-light correlation functions, it
would also be interesting to consider the relation of semi-classical form factors to the calculations
of [43].
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A Operator Renormalization
In this appendix we summarise a few standard facts about operator renormalization that are
necessary for the calculation of the form factor. In particular, we are interested in the Green
functions of the composite operator (2), O = 12Y 2, with fundamental fields
G(n;1)(p1, . . . ,pn;q) = 〈Y¯ (p1) . . . Y¯ (pn)O˜(q)〉 ,
= δ(2)(q+
n∑
i=1
pi)
n∏
i=1
i
p2i − 1 + iε
Gˆ(n;1)(p1, . . . ,pn;q) . (116)
At tree-level we have
Gˆ
(2;1)
tree (p1,p2;q) = 1 (117)
while the one-loop result is
Gˆ
(2;1)
1−loop(p1,p2;q) =
(
2pii√
λ
)∫
ddk
(2pi)d
(p1 + p2)
2 + (2a− 1)(1− p1 · p2 k · (q− k))
(k2 − 1 + iε)((q− k)2 − 1 + iε)
=
(−2pii√
λ
)[
k2B00(q)− (1− 2a)(p1 · p2 X(q)−B00(q))
]
(118)
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where we have regularised the loop integrations by working in d = 2 − 2 dimensions and the
integrals are given to order O(0) by
B00(q) = − i
pi|q|
1√|q|2 − 4 + 4iε log
√|q|2 − 4 + 4iε+ |q|√|q|2 − 4 + 4iε+ |q| (119)
X(q) =
i
4pi
[1

− γE + log(4pi)− 2|q|
2 − 4
|q|√|q|2 − 4 + 4iε log
√|q|2 − 4 + 4iε+ |q|√|q|2 − 4 + 4iε+ |q|
]
(120)
for ε > 0 and |q|2 > 4. These are simply rewritings of the expressions used in the main text if
one takes q = p1 + p2 with p1 and p2 on shell. In particular we write
X(q) =
i
4pi
C +XR(q) (121)
with C =
1
 − γE + log(4pi). We can now define a renormalized operator (in MS-scheme) as
OR(x) = 1
2
Y 2 −
(
2pii√
λ
)
(1− 2a)
2
i
4pi
C∂aY ∂
aY (122)
such that
G
(2;1)
R (p1,p2;q) = 〈Y¯ (p1)Y¯ (p2)O˜R(q)〉 ,
⇒ Gˆ(2;1)R (p1,p2;q) =
(−2pii√
λ
)[
k2B00(q)− (1− 2a)(p1 · p2 XR(q)−B00(q))
]
(123)
Two-loop two-point function It is also necessary to calculate the two-point world-sheet
function of the composite (renormalized) composite operator
G0;2(q1,q2) = 〈 ¯˜O(q1)O˜(q2)〉 , (124)
which to two-loops is
Gˆ0;2(q1,q2) = −1
2
B00(q1) +
1
2
(
2pii√
λ
)[
q21B00(q1)
2 + (2a− 1)(B00(q1)2 −X(q1)2)
]
(125)
where we use B00(−q) = B00(q) and XR(−q) = XR(q). Using the counter terms found above,
and removing an overall divergence proportional to the identity operator, we find that the
renormalized Green function is found by simply making the replacement X(q) → XR(q) in
(125).
B Determinant Form for Spin-Chain Norm
The mode numbers label the solutions of the Bethe equations, which in the two-magnon sector
read
eip1Lc = eiΘc(p1,p2) , eip2Lc = e−iΘc(p1,p2) (126)
with Θc(p1, p2) given in (78). Taking the logarithm of these equations,
p1Lc = Θc(p1, p2) + 2pin1 , p2Lc = −Θc(p1, p2) + 2pin2 . (127)
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By differentiating each of the equations in (127) by n1, we produce two equations that can be
solved for the partial derivatives:
∂p1
∂n1
=
2pi
Lc
(
1 +
2(1− cos p2)
3Lc − 4− 2(Lc − 1)(cos p1 + cos p2) + Lc cos(p1 + p2)
)
, (128)
∂p2
∂n1
= −2pi
Lc
2(1− cos p2)
3Lc − 4− 2(Lc − 1)(cos p1 + cos p2) + Lc cos(p1 + p2) . (129)
Similarly we can differentiate the equations with respect to n2 yielding expressions for the partial
n2-derivatives, corresponding to the above expressions with p1 ↔ p2 everywhere (also on the
left hand side). Now, we can compute the Jacobian and find∣∣∣∣ ∂(p1, p2)∂(n1, n2)
∣∣∣∣−1 = Lc4pi2
(
Lc − 2(2− cos p1 − cos p2)
3− 2(cos p1 + cos p2) + cos(p1 + p2)
)
. (130)
This agrees with (83) up to an overall factor of 4pi2.
C Alternative Spin-Chain Wave-Function
As explained in the main text, see below (112), the imaginary, subleading 1Lc terms in the
spin-chain form factor depend on the choice of the overall phase of the wave-function. In this
appendix, we present a phase that yields a match with the world-sheet form factor, namely
χ(p1, p2)x1,x2 = e
−2i(p1+p2)
[
eip1x1+ip2x2 + S(p2, p1)e
ip2x1+ip1x2
]
, (131)
instead of (77). The normalization factor Nc(p1, p2) is not changed by this additional phase
factor and its large Lc limit is given by (86). Expanding also the above wave-function for large
Lc using (81) gives
χ(p1, p2)1,2 = 2− 2pii
Lc
n21 − 2n1n2 − n22
n1 − n2 +O(L
−2
c ) . (132)
Putting everything together, the form factor becomes to subleading order in 1/Lc
f(p1, p2) =
2
Lc
− 2pii
L2c
n21 − 2n1n2 − n22
n1 − n2 +
2
L2c
n21 + n
2
2
(n1 − n2)2 +O(L
−3
c ) , (133)
which matches (112) including the imaginary terms.
D Comparison between Landau-Lifshitz and String Actions
In order to better understand the matching between the string theory calculation and the spin-
chain calculation it is useful to reconsider the match that is found at the level of the actions via
the Landau-Lifshitz action [27]. The spin-chain in the thermodynamic limit can be described
by a unit vector field n(σ, τ) with the action
SLL =
Lc
2pi
∫
dτ
∫ 2pi
0
dσ
[
C · ∂τn− 1
8
λ˜(∂σn)
2
]
(134)
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where Lc is the spin-chain vacuum length and λ˜ = λ/Lc
2 6 C is a monopole potential on S2
such that the action can be written locally (where n3 6= −1) as
SLL =
Lc
4pi
∫
dτ
∫ 2pi
0
dσ
[n2∂τn1 − n1∂τn2
1 + n3
− 1
4
λ˜(∂σn)
2
]
, (135)
where n3 =
√
1− n21 − n22. This action can be quantised, and with the appropriate regulariza-
tion, loop corrections reproduce the subleading 1/Lc corrections to the exact spin-chain energies.
Introducing a complex field φ = 12(n1 + in2) we find
SLL =
Lc
4pi
∫
dτ
∫ 2pi
0
dσ
[ i(φ∗φ˙− φφ˙∗)
1 +
√
1− 4|φ|2 + λ˜|φ´|
2 + λ˜
(φ∗φ´+ φφ´∗)2
1− 4|φ|2
]
. (136)
Rescaling the spatial coordinate σ →
√
λ˜σ, rescaling the fields by
√
Lc/2pi and expanding in
large Lc we find,
SLL =
1
2
∫
dτ
∫ 2pi√
λ˜
0
dσ
[
i(φ∗φ˙− φφ˙∗)− |φ´|2 + 2pii
Lc
|φ|2(φ∗φ˙− φφ˙∗)− 2pi
Lc
(φ∗φ´+ φφ´∗)2
]
. (137)
We note that the world-sheet length is Ls =
2pi√
λ˜
= 2piLc√
λ
while the loop counting parameter is
2pi
Lc
.
In the main text we calculated the perturbative form factors using the action defined on the
plane, i.e. the decompactified world-sheet, using the string theory action in general a-gauge.
However in order to make comparison with the spin-chain calculation we need to consider the
theory on the cylinder, here of length 2pi, and we will also use the a = 1 gauge
S =
√
λ
2pi
∫
dτ
∫ 2pi
0
dσ
[
∂Y ∂Y¯ − Y Y¯ + 2Y Y´ Y¯ ´¯Y − 1
2
(
(∂Y )2(∂Y¯ )2 − Y 2Y¯ 2
)]
. (138)
We now introduce the new coordinate Y = ye−iτ , rescale the world-sheet time τ → κτ , the
world-sheet spatial coordinate σ → √κσ and expand in large κ keeping only the leading term,
S =
√
λκ
2pi
∫
dτ
∫ 2pi√
κ
0
dσ
[
i(y∗y˙ − yy˙∗)− |y´|2 + 2|y|2|y´|
−1
2
(
2i|y|2(y∗y˙ − yy˙∗) + y∗2y´2 + y2y´∗2) ] . (139)
Making the substitution y =
√
pi√
λκ
φ(1 + 34
2pi√
λκ
|φ|2) expanding in large √λκ we find
S =
1
2
∫
dτ
∫ 2pi√
κ
0
dσ
[
i(φ∗φ˙− φφ˙∗)− |φ´|2 + 2pii√
λκ
|φ|2(φ∗φ˙− φφ˙∗)− 2pi√
λκ
(φ∗φ´+ φφ´∗)2
]
. (140)
Quite obviously, to find agreement with the LL action we make the identification λκ = Lc
2 i.e.
κ = λ˜−1. We can also see that having calculated the perturbative form factors with the string
theory in the decompactified theory we can obtain the spin-chain answer by recompactifying
the world-sheet with length Ls = 2pi/λ˜
1/2 and replacing the loop counting parameter 1√
λ
by
1
Lc
and expanding the answer in small λ˜ (naturally this will hold as long as there are no order
of limits issues but this is the underlying assumption behind the weak-strong match which has
been found to hold to this perturbative order).
6In fact one must be slightly careful here. The usual definition of the rescaled ’t Hooft coupling in the literature
is λ˜ = λ/J2 where J is the R-charge of the operator whose anomalous dimension is under consideration. Obviously
the relation between Lc and J varies depending on the number of impurities in the spin-chain state. However
this won’t affect our considerations.
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